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Analytical Evaluation of Damping in Composite
and Sandwich Structures
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Two methodologies are outlined for the analytical evaluation of the loss factor in composite laminates and in
sandwich structures. One of these methods is based on the analysisof free vibrations, whereas the second approach
utilizes mechanics of materials. Both methods yield similar results. The loss factor is predicted both for specially
orthotropic as well as for generally orthotropic laminas, subjected to axial stresses and/or transverse shear. The
results for the loss factor of the laminas are in good agreement with available experimental data. As follows from
the numerical analysis, the loss factor of laminas of the facings is signi� cantly affected by the angle of lamination.
The loss factor of a sandwich beam is relatively insensitive to the frequency of vibrations, although the effect of
this frequency on the loss factors of constituent materials may alter this conclusion.

Nomenclature
a = length of the beam
E f = modulus of elasticity of the � bers
Em = modulus of elasticity of the matrix
E1 = longitudinalmodulus of the lamina
E2 = transverse modulus of the lamina
G f = shear modulus of the � bers
Gm = shear modulus of the matrix
G12 = in-plane shear modulus of the lamina
G13; G23 = transverse shear moduli of the lamina
g = loss factor
h = depth of the beam
hc = depth of the core of sandwich beam
Q11 = transformed reduced stiffness of the

corresponding lamina
Si j = elements of the compliance matrix
t = time
U = maximum strain energy density

during the cycle
Ud = density of energy dissipated per

cycle of motion
u f = strain energy density in the � bers
um = strain energy density in the matrix
V f = � ber volume fraction
Vm = matrix volume fraction
w = transverse displacementof the beam
x = axial coordinate
z = transverse (thickness) coordinate
° = shear strain
" = axial strain
µ = lamination angle
½ = mass of the beam per unit length
¾ = axial stress
¿ = shear stress
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Ãx = rotation of a normal to the middle axis
of the beam in the xz plane

! = natural frequency

Introduction

D AMPING in composites representsan important phenomenon
that has been studied by a number of investigators.1¡3 Several

mechanisms contributing to damping include viscoelasticity of the
constituentmaterials (� bers, matrix, and interphase), thermoelastic
coupling, energy dissipationassociatedwith the changes in the ma-
terial stiffness as a result of internal damage, and frictional energy
dissipationalong damaged � ber-matrix interfaces.The relative con-
tribution of these factors varies, dependent on a particular compos-
ite material. For example, recent research of Birman and Byrd has
shown that the contribution to the loss factor of ceramic matrix
composites with bridging cracks attributed to interfacial friction
can exceed the counterpart related to both viscoelasticeffects and a
reduction in stiffness by two orders of magnitude.4

Although several studies on damping effects in sandwich struc-
tures havebeenpublished,5;6 a methodologyof the analyticalpredic-
tion of damping in such structureshas not been considered in detail.
Vinson stated in his monograph7 that sandwich structures have po-
tential for a signi� cant damping exceeding that in both metallic and
monocoque composite structures. In the present paper the analy-
sis is concerned with the development of a methodology for the
prediction of damping in composite and sandwich structures. The
solutiondevelopedin the paper refers to undamagedstructureswith
polymeric-matrix facings and isotropic foam core. Two methods
discussed in the paper are based on the free vibration analysis and
on the mechanics of materials approach. For simplicity, the solu-
tion is shown for the case of a composite or sandwich beam, but
the extension of the present investigation to panels and shells is
straightforward.

It is useful to recall here relationships between basic character-
istics of damping employed in the analysis of relatively weakly
damped materials.A comprehensivediscussionof the phenomenon
is outside the scope of this paper; mentioned here is a useful book8

that outlines related fundamental concepts.
The speci� c damping capacity of the material Ã is related to

such damping characteristics as the logarithmic decrement ±, the
damping ratio ³ , and the loss factor g by the following equations1:

Ã D 2± D 4¼³ D 2¼g (1)

These damping characteristicsare de� ned as functionsof relative
energy dissipation by
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g D Ud =2¼U (2)

The loss factor for a system of linear viscoelastic elements sug-
gested by Ungar and Kerwin9 is used in this paper to evaluate
damping in a sandwich structure:

g D
X

i

gi Ui

. X

i

Ui (3)

where i is a number of the element, gi is the loss factor for the i th
element,andUi is the maximum strainenergyof this elementduring
the vibration cycle.

Damping in a Generally Orthotropic
Lamina Subject to Axial Stresses

Consider � rst a generally orthotropic lamina oriented at an angle
µ relative to the longitudinalx axis and subjectedto axial stresses¾x

(Fig. 1). Axial stresses can be caused by bending or axial loading.
The loss factor in the case where the lamina is subject to transverse
shear is consideredin the next section.The principalmaterial direc-
tions (1 and 2) are also shown in Fig. 1. The applied stress results
in the stresses in the material coordinate system calculated by the
transformation equation:

¾1 D c2¾x ; ¾2 D s2¾x ; ¿12 D ¡sc¾x (4)

where c D cos µ and s D sin µ .
The components of the strain tensor in the principal material

directions are immediately available:

"1 D
¡
S11c

2 C S12s
2
¢
¾x ; "2 D

¡
S12c2 C S22s

2
¢
¾x

°12 D ¡scS66¾x (5)

where the elements of the compliance matrix are given in terms of
the material engineering constants by S11 D E¡1

1 ; S12 D ¡ º12 E¡1
2 ;

S22 D E ¡1
2 ; S66 D G¡1

12 .
Now the components of the strain energy in the � bers and ma-

trix associated with the strains in the principal material directions
can be found in terms of the strains "1; "2 , and °12. In particular,
the � ber and matrix strain energy densities caused by the strain "1

are obtained keeping in mind that the strains in the 1-direction in
the � bers and in the matrix are equal:

u 0
f D 1

2
V f ¾1 f "1 D 1

2
V f E f "

2
1

u 0
m D 1

2
Vm¾1m"1 D 1

2
Vm Em "2

1 (6)

The strain energy densities of the � bers and matrix in Eqs. (6) and
in the following discussion are multiplied by the volume fraction
of the correspondingphase. Therefore, these energy densities refer
to the density of a phase within the unit volume of the composite
material.

The � ber and matrix strain energy densities caused by the strain
"2 are

u 00
f D 1

2
V f ¾2 f "2 f D 1

2
V f E f 2"2

2 f

u00
m D 1

2
Vm¾2m"2m D 1

2
Vm Em"2

2m (7)

where E f 2 is a transverse modulus of the � ber material that is as-
sumed equal to the modulus in the 1-direction[that is, E f (isotropic
� bers)].

Fig. 1 Generally orthotropic lamina subject to axial stresses,
µ = lamination angle, 1-2 = material coordinate system.

According to the energy approach employed by Gibson,10 trans-
verse strains in the � bers and in the matrix can be found as

"2 f D a2"2; "2m D b2"2 (8)

The values of constants a2 and b2 can be found from10

a2V f C b2Vm D 1; E2 D a2
2 E f V f C b2

2 Em Vm (9)

The � ber and matrix strain energy densities caused by the strain
°12 are

u 000
f D 1

2
V f ¿12 f °12 f D 1

2
V f G f °

2
12 f

u 000
m D 1

2
Vm¿12m°12m D 1

2
Vm Gm ° 2

12m (10)

The shear strains in the � bers and matrix are found similarly to
the method just applied to the transverse strains:

°12 f D c2°12; °12m D d2°12 (11)

whereconstantsc2 and d2 are obtainedfrom the systemof equations:

c2V f C d2Vm D 1; G12 D c2
2G f V f C d2

2 Gm Vm (12)

The total � ber and matrix strain energy densitiesare calculatedas

u f D .V f =2/
£
E f

¡
"2

1 C a2
2"2

2

¢
C G f c2

2° 2
12

¤

um D .Vm=2/
£
Em

¡
"2

1 C b2
2"2

2

¢
C Gm d2

2 ° 2
12

¤
(13)

Given experimentally determined loss factors of the � ber and
matrix materials, (that is, g f and gm ) and using the total composite
strain energy density equal to the sum of the contributions of the
� bers and matrix, we obtain the loss factor of the lamina according
to Eq. (3) as

gµ D .g f u f C gm um/=.u f C um / (14)

Substituting Eqs. (5) into (14) and simplifying, one obtains

gµ D
©

g f V f

£
E f

¡
k1 C k2a

2
2

¢
C G f k3

¤
C gm Vm

£
Em

¡
k1 C k2b2

2

¢

C Gm k4

¤ª¯©
V f

£
E f

¡
k1 C k2a

2
2

¢
C G f k3

¤

C Vm

£
Em.k1 C k2b2

2

¢
C Gm k4

¤ª
(15)

where

k1 D
¡
S11c2 C S12s

2
¢2

; k2 D
¡
S12c

2 C S22s2
¢2

k3 D c2
2.scS66/

2; k4 D d2
2 .scS66/

2 (16)

The cases of specially orthotropic laminas corresponding to the
lamination angles equal to 0 or 90 deg (that is, g0 and g90 ) can be
obtained from the preceding result:

g0 D .g f V f E f =Em C gm Vm /

.V f E f =Em C Vm /

g90 D

¡
a2

2 g f V f E f

¯
Em C b2

2gm Vm

¢
¡
a2

2 V f E f

¯
Em C b2

2Vm

¢ (17)

The result for 0-deg layers coincides with the formula derived by
Chang and Bert.11

Damping in a Generally Orthotropic Lamina
Subject to Transverse Shear Stress (¿xz)

The stress has to be transformed to the principal material axes.
The transformation equations of the three-dimensional theory of
elasticity (for example, see p. 2 in Ref. 12) yield

¿13 D c¿x z; ¿23 D ¡s¿x z (18)

The strain energy densities in the isotropic � bers and matrix are

ut s
f D .V f G f =2/

¡
° 2

13 f C ° 2
23 f

¢

u ts
m D .Vm Gm =2/

¡
° 2

13m C ° 2
23m

¢
(19)
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The transverse shear strains are obtained in the form similar to
Eqs. (11):

°13 f D m2°13; °13m D n2°13

°23 f D p2°23; °23m D q2°23 (20)

where the average strains are

°13 D c¿x z=G13; °23 D ¡s¿x z=G23 (21)

and the coef� cients are obtained from the systems of equations

m2V f C n2Vm D 1; m2
2G f V f C n2

2Gm Vm D G13.DGLT/ (22)

p2V f C q2Vm D 1; p2
2G f V f C q2

2 Gm Vm D G23.DGTT/ (23)

Using Eqs. (19–21) and Eq. (14), one obtains the following ex-
pressionfor the loss factor in thecaseof transverseshear(no in-plane
loading):

gts
µ D .g f V f G f k5 C gm Vm Gmk6/

.V f G f k5 C Vm Gmk6/
(24)

where

k5 D m2
2c

2S2
55 C p2

2s2 S2
44; k6 D n2

2c
2 S2

55 C q2
2 s2 S2

44 (25)

In Eqs. (25) the shear compliances are S55 D G¡1
13 and S44 D G¡1

23 .
In particular cases of specially orthotropic laminas, Eq. (24) is

simpli� ed as follows:

gts
0 D

¡
g f V f G f m2

2 C gm Vm Gmn2
2

¢
¡
V f G f m2

2 C Vm Gmn2
2

¢

gts
90 D

¡
g f V f G f p2

2 C gm Vm Gm q2
2

¢
¡
V f G f p2

2 C Vm Gm q2
2

¢ (26)

It is possible to combine the preceding results for the loss factor
of a generally orthotropic lamina subject to axial stresses and the
loss factor in the case of transverse shear. This would require us to
establisha relationshipbetween themagnitudeof theaxial stress and
the correspondingtransverseshearstress.Consider,for example,the
case where this ratio can be assumed constant during the cycle of
motion (that is, R D ¿x z=¾x ). Therefore, Eqs. (21) become

°13 D cR¾x=G13; °23 D ¡s R¾x =G23 (27)

The transverseshear strain energydensity in the � bers and matrix
can be determined in the form

u¾¿
f D

¡
R2V f G f

¯
2
¢£

.m2c=G13/2 C .p2s=G23/2
¤
¾ 2

x

u¾ ¿
m D

¡
R2Vm Gm

¯
2
¢£

.n2c=G13/
2 C .q2s=G23/2

¤
¾ 2

x (28)

Combining this resultwith Eqs. (13 and 14) yields the loss factor for
a lamina subject to a combined action of in-plane axial stresses and
transverse shear, provided the ratio between these stresses remains
constant during the cycle of motion:

g¾ ¿ D F1=F2 (29)

where

F1 D g f V f

¡¡
E f

¡
k1 C k2a

2
2

¢
C G f

©
k3 C R2

£
.m2c=G13/

2

C . p2s=G23/
2
¤ª¢¢

C gm Vm

¡¡
Em

¡
k1 C k2b

2
2

¢

C Gm

©
k4 C R2

£
.n2c=G13/2 C .q2s=G23/2

¤ª¢¢

F2 D V f

¡¡
E f

¡
k1 C k2a

2
2

¢
C G f

©
k3 C R2

£
.m2c=G13/2

C . p2s=G23/
2
¤ª¢¢

C Vm

¡¡
Em

¡
k1 C k2b

2
2

¢

C Gm

©
k4 C R2

£
.n2c=G13/2 C .q2s=G23/2

¤ª¢¢
(30)

If the assumption that the stress ratio R remains constant during
the cycle of motion is invalid, it is necessary to considerthe problem
of vibrations of a shear deformable facing. The analysis represents
a particular case of the solution for a shear-deformable sandwich
beam presented in the next section. Accordingly, the problem of
determining the loss factorof a shear-deformablelamina is revisited
in the following section.

Loss Factor of Vibrating Sandwich Beam:
Approach Based on Free-Vibration Analysis

Consider now a simply supportedunit-width sandwich beam ex-
periencingsmall-amplitudefreevibrations.The facingsare assumed
symmetric about the axis of the beam. The analysis is conductedus-
ing the following assumptions:

1) Normal mode approach is applicable in the present analysis.
2) The core works in transverse shear only, whereas the facings

experience both axial strains as well as transverse shear strains.
The � rst assumption is customarily used in case of a relatively

light damping in structureswhere coupling between normal modes
as a result of damping can be neglected.8 The utilization of this
assumption becomes mandatory if the magnitude of damping is
not known in advance. Then this assumption can serve as the � rst
iteration (that is, damping determined utilizing the assumption can
be used to recalculate the motion of the structure, which is in turn
used to update the loss factor, etc).

The strain energy of the beam, measured in the units of force
because it refers to the energy per unit width, is given by

U D
Z a

0

Z h=2

hc=2

Q11"2
x dz dx C

³
A55

2

´ Z a

0

° 2
x z dx (31)

where the factor 1
2 is excludedfrom the � rst term in the right side to

account for the presence of two facings. The stiffness in the second
term is

A55 D k

Z h=2

¡h=2

G x z dz (32)

In Eq. (32) k is the shear correction factor that can be taken equal to
unity,13 and G x z is the transverse shear modulus. It is convenient to
subdivide the energy given by Eq. (31) into the contributionsof the
laminas of the facings and that of the core. The energy of the core is

Uc D
³

hcGc

2

´ Z a

0

° 2
x z dx (33)

The energy of the i th lamina is given by

Ui D
³

1

2

´ Z a

0

Z zi

zi ¡ 1

Q i
11"2

x dz dx C
µ

.zi ¡ zi¡1/G i
x z

2

¶Z a

0

° 2
xz dx

(34)

where the superscript identi� es the properties of the i th lamina and
zi and zi ¡ 1 are the coordinatesof the lamina interfaceswith adjacent
laminas or with the core.

Following the � rst-ordershear deformation theory adopted in this
paper, the strains in Eqs. (33 and 34) are

"x D zÃx;x ; °xz D w;x C Ãx (35)

The beam being symmetric about the middle axis, this axis does not
experience stretching as long as the amplitudes of motion remain
small (linear vibrations).

The solution for the nth mode of free vibrations of a symmetric
simply supportedsandwich beam with speciallyorthotropicfacings
obtained neglecting inertia of the axial vibrations is

wn D Bn exp.¡ j!nt/ sin.n¼x=a/

Ãxn D An exp.¡ j!n t/ cos.n¼x=a/ (36)

where j D .¡1/1=2. Even in the case where symmetric facings in-
clude multiple generally orthotropic layers, the present solution is
usually accurate because the stiffnesses Di6 (i D 1; 2) are relatively
small. The ratio between the amplitudes in Eqs. (36) is

bn D Bn=An D .n¼=a/A55

¯£
.n¼=a/2 A55 ¡ ½!2

n

¤
(37)
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The substitution of Eqs. (36) and (37) into Eqs. (35) and the
subsequent substitution of Eqs. (35) into Eqs. (2), (3), (33), and
(34) yield the expressionfor the loss factor correspondingto the nth
normal mode:

gn D Gn=Hn (38)

where

Gn D
³

n¼

a

´2 X

i

gi Di
11 C

³ X

i

g 0
i hi G i C gchc Gc

´

£

"³
n¼

a

´2

b2
n C 2

³
n¼

a

´
bn C 1

#

Hn D
³

n¼

a

´2

D11 C A55

"³
n¼

a

´2

b2
n C 2

³
n¼

a

´
bn C 1

#

D11 D
Z h=2

hc=2

Q11z2 dz; Di
11 D

Z zi

zi¡ 1

Qi
11z2 dz

h i D zi ¡ zi ¡ 1 (39)

In Eqs. (39), gi and g0
i are the loss factors of the i th lamina sub-

jected to axial loading and transverse shear, respectively, and gc is
the loss factor of the core. Note that the loss factor of a specially
orthotropic shear-deformable lamina subject to a combined action
of axial loadingand transverseshear can be obtained from Eqs. (38)
and (39) as

g D
.n¼=a/2gi D i

11 C g0
i hi G i

£
.n¼=a/2b2

n C 2.n¼=a/bn C 1
¤

.n¼=a/2 D11 C h i G i

£
.n¼=a/2b2

n C 2.n¼=a/bn C 1
¤

(40)

where the ratiobn is calculatedfor the laminamaterial and geometry.
The loss factor given by Eq. (38) is affected by the mode and

frequency. If the sandwich beam is slender (that is, if it can be
analyzed by the theory of thin beams), this factor is independentof
the mode and frequency, and Eq. (38) is reduced to

g D
³ X

i

gi Di
11

´¿
D11 (41)

In the case of a symmetric slender sandwich beam where the
contribution of the core can be disregarded and the facings are
composed of identical “blocks” of laminas, such as for example
[0 deg /C45 deg/¡45 deg /90 deg]n , the loss factor can be deter-
mined from a simpli� ed version of Eq. (41). This simpli� ed version
is shown here for the case where the Poisson effect is neglected:

g D geq Eeq=Eave (42)

where

geq Eeq D
X

i

gi Ei

p
; Eave D

X

i

Ei

p
(43)

and where the summation is carried out over the laminas that com-
pose the representativeblock, p is a number of laminas in the block,
whereas gi and E i are the loss factor and the modulus of the i th
lamina in the beam axial direction, respectively.

Note that the loss factor of a sandwich beam depends on the
boundaryconditions.If these conditionsdiffer from simple support,
Eqs. (36) and (37) have to be replacedwith appropriatecounterparts,
affecting the value of the loss factor given by Eq. (38). In addition,
the loss factor is affected by the frequency of vibrations, both ex-
plicitly via the ratio bn and implicitly because the loss factors of
constituent � ber, matrix, and foam materials vary with frequency.

Loss Factor of Vibrating Sandwich Beam:
Approach Based on Mechanics of Materials

The second approach considered in this paper employs simple
mechanics of materials considerations. Consider a symmetrically
laminated unit-width sandwich beam subject to a combination of
the bendingmoment M and transverseshear stress resultant Q. The
equilibrium equations are

M D D119x;x ; Q D A55°x z (44)

The strain energyof the facingsassumed to be in the state of plane
stress and the strain energy associated with transverse shear in the
facings and in the core are

U f D
Z a

0

Z h=2

hc=2

Q11z2

³
M

D11

´2

dz dx

US D
³ Z a

0

Z h=2

¡hc=2

Q55°
2
x z dz dx

¿́
2 D

³ Z a

0

Q2 dx

¿́
.2A55/

(45)

where A55 D
P

i
G i

x zh i C Gchc .
The loss factor can be evaluated as

g D G=H (46)

where

G D
P

gi Di
11

D2
11

Z a

0

M2 dx C
µX g0

i Q
i
55h i C gc Gchc

A2
55

¶ Z a

0

Q2 dx

H D
1

D11

Z a

0

M2 dx C
1

A55

Z a

0

Q2 dx (47)

For example, if the beam is subject to a uniformpressureof inten-
sity q , the integrals in Eqs. (47) can easily be evaluated. In particu-
lar, the integral of the square of bending moments over the span is
equal to q2a5=120, whereas the integral of the squareof shear forces
is q2a3=12. If we consider the case where the facings are formed
from repeated identical blocks of laminas, i.e., it is possible to use
an average-through-thickness loss factor and modulusof the facing,
the expressionfor the loss factorof the sandwichbeam is simpli� ed:

g D
¡
g f a2

¯
10D11

¢
C .2g0

f G f h f C gcG chc/
¯

A2
55¡

a2
¯

10D11

¢
C 1=A55

(48)

In Eq. (48), g f and g0
f are the average-through-thickness loss factors

of the facing subject to axial and transverse shear stresses, respec-
tively, and G f is the average facing transverse shear modulus.

The loss factor given by Eq. (46) or (48) is explicitly indepen-
dent of the frequency of motion because it was derived based on
static mechanics of materials. However, even in this case, the loss
factors of the constituent materials of the structure are affected by
frequency.The solutionmay be expandedto analyzea distributionof
momentsand transverseshear forcescorrespondingto static loading
causing deformations identical to the investigated mode of motion.
In this case, the effect of the mode of motion (and explicit effect of
the frequency) can be accountedfor. However, such complication is
unnecessary because the solution can be more accurately obtained
using the vibration method shown in the preceding section. Never-
theless, the approachshown in this sectioncan be applied to quickly
estimate the loss factor of the beam. It is also noted that the loss fac-
tor obtained in this section is affected by the boundary conditions
that de� ne the distribution of moments and transverse shear forces
along the beam span.

Numerical Examples
The effect of the lamination angle on the loss factor of a gener-

ally orthotropic lamina was investigated for a typical glass-epoxy
material consideredby Gibson and Plunkett14 (Scotchply 1002 ma-
trix epoxy and E-glass � bers). The properties of E-glass � bers and
epoxymatrix are shown in Table 1. The material analyzed in Ref. 14
had a fairlyhigh void volume fractionequal to 2%. Accordingly, the
presence of voids is accounted for in the subsequent calculations.
In addition, as was found from the comparison between numerical
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Table 1 Properties of E-glass � bers and epoxy matrix

Poisson Volume
Property E, GPa G, GPa ratio, º fractiona

E-glass � bers 72.4 30.3 0.20 0.45
Epoxy matrix 3.79 1.38 0.36 0.53

aVoid volume fraction is 2%.

Fig. 2 Loss factor of a generally orthotropic E-glass/epoxy lamina as
a function of the lamination angle. Material 1: Vf = 0.45, Vm = 0.53 (vol-
ume fraction of voids is 2%). Material 2: Vf = 0.60, Vm = 0.40.

and experimental results, the Poisson effect could be disregarded,
although we do not employ this simpli� cation in the following ex-
amples that refer to relatively wide beams.

Experimentallyfound values of static longitudinaland transverse
moduli of the material were E1 D 34.8 GPa and E2 D 10.5 GPa,
respectively. The latter value practically coincides with the result
availableusing the simpli� ed micromechanicaltheory of Chamis15:

E2 D Em

¯£
1 ¡ V

1
2

f .1 ¡ Em =E f /
¤

(49)

The same theory was employed to calculate the shear modulus G12

that was not measured in Ref. 14. Substituting G f and Gm instead
of E f and Em in Eq. (49) yields G12 D 3.84 GPa.

The loss factor of the matrix was found experimentally.14 Al-
though this factor varied, dependent on the frequency, the low-
frequency value gm D 0.01319 (frequencies less than 100 Hz) was
used in the analysis. Low-frequency values were also employed
for other experimentally found material properties in the following
examples. The loss factor of E-glass � bers was assumed negligi-
ble in Ref. 14, based on the claim of the manufacturer, although
the results of the experimentscaused the authors to indicate that the
in� uence of this factor is probably noticeable. In the present paper
the loss factor of E-glass � bers was estimated based on the compar-
ison of the experimental value of the loss factor for a unidirectional
composite material with the lamination angle equal to zero with the
result obtained from the � rst Eq. (17) that yielded g f D 0.00346.
The loss factor obtained here for E-glass � bers is within the range
of values for glass � bers reported by Lee.16

The values of the � ber and matrix loss factors were employed to
calculate the loss factor for a 90-deg lamina that was found equal to
0.0075. This value coincides with the experimental result reported
in Ref. 14.

The effect of the lamination angle on the loss factor of axially
loaded laminas is shown in Fig. 2 for the material described and for
the second material composed of different volume fractions of the
same � bers and matrix. As follows from this � gure, the loss factor
of a generally orthotropic lamina can reach the maximum value at
the lamination angle different from 90 deg. Note that, if the beam is
narrow, i.e., the Poisson effect can be neglected, the loss factor con-
sistently increaseswith the laminationangle, reaching its maximum
value at the angle equal to 90 deg. (This case is not discussedhere.)
The loss factor of laminas subjected to transverse shear loading is
less affected by the lamination angle than the factor associatedwith
in-plane loading. This is because a difference between the shear
moduli in the planes parallel to the � bers (G12 or G13) and the mod-
ulus in the plane perpendicularto the � bers (G23 ) is relativelysmall.
Micromechanicalequationsfor G23 obtainedaccordingto Chamis15

indicate that this modulus remains equal to G13 if the materials of
both � bers and matrix are isotropic. Although other theories can

Fig. 3 Loss factor of E-glass/epoxy and graphite/epoxy cross-ply lam-
inates as a function of the ratio of the total thickness of longitudinal
layers to the total thickness of transverse layers N.

Fig. 4 Effect of the mode of vibration (vibration frequency) on the loss
factor of sandwich beams with E-glass/epoxy facings of various layups.

yield a slightly different value for G23 and for the loss factor, this
difference remains small. In the present paper the loss factor corre-
sponding to the case where a lamina is subject to transverse shear
stresses only was gt s

µ D 0.00804.
The loss factor of a cross-ply uniaxially loaded composite mate-

rial is shown in Fig. 3 as a function of the ratio of the total thickness
of longitudinal layers to the total thickness of transverse layers N .
Two materialscomparedin this � gure areE-glass/epoxy just consid-
ered (V f D 0:45, Vm D 0:53) and graphite-epoxy AS4/3501-6. The
room-temperature low-frequency loss factors of the latter material
are g0 D 0.00056 and g90 D 0.0055 (Ref. 17). The mechanical prop-
ertiesof this material necessaryfor computationspresentedin Fig. 3
are E1 D 142.0 GPa and E2 D 10.3 GPa (Ref. 18). The loss factor
calculated neglecting the Poisson effect was

g D .g0 E1 N C g90 E2/=.E1 N C E2/ (50)

As follows from Fig. 3, the loss factor of a cross-ply material
decreases as a result of adding even a few longitudinal layers to
transverse laminas. As the total thickness of longitudinal layers in-
creases, the loss factor of the material asymptotically approaches
the value of this factor for the longitudinal lamina.

The effect of the mode shape of motion on the loss factor of a
sandwich beam evaluated by the analysis of free vibrations is illus-
trated in Fig. 4. The facings of the beam are constructedof multiple
identical blocks of E-glass/epoxy laminas (V f D 0:45, Vm D 0:53),
and the core properties are Gc D 40 MPa (as for Divinylcell foam
H100) and gc D 0.008. The beams considered in Fig. 4 were 0.25 m
long, and the thickness of the facings and core was equal to 0.005
and 0.02 m, respectively.Although the loss factorsof three different
beams considered in Fig. 4 varied, the effect of the mode on these
factors was small for all considereddesigns.This implies that varia-
tions in the loss factor with the frequencyof motion are mostly due
to the effect of this frequency on the loss factors of the constituent
materials, particularly the matrix of the facings and the foam of the
core. (This effect is not re� ected in Fig. 4.)

Finally, the effect of the thicknessof the facingson the loss factor
of the beams considered in Fig. 4 is shown in Fig. 5 for the fun-
damental mode of motion (one half-wave of deformation along the
beam axis). The results in Fig. 5 re� ect a decrease in the contri-
bution of the loss factor of the facings to the overall loss factor of
the structure as the relative facing thickness declines. A decrease in
the loss factor of the beams with thinner facings is explainedby the
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Fig. 5 Effect of the thickness of E-glass/epoxy facings on the loss factor
of sandwich beams.

Fig. 6 Comparison between the loss factors of sandwich beams with
E-glass/epoxy facings obtained by the methods based on free vibration
analysis and mechanics of materials.

higher loss factor of the core. Indeed, in the case where the facing
layup is [C45=¡45 deg]n , the loss factors of the facings and core
are close and variations in the facing thickness have a negligible
effect on damping of the beam. In the case where the loss factor of
the core is smaller than that of the facings, the tendency shown in
Fig. 5 is reversed.

Finally, the loss factors of sandwich beams considered in Fig. 4
and obtainedby the methodsbased on the analysisof free vibrations
and mechanicsof materials are compared in Fig. 6. As follows from
this � gure, the difference between the loss factors obtained by the
two methods is small. Although the method based on mechanics of
materials yields smaller values of the loss factor than the vibration
method, the former method is suf� ciently simple and reliable to be
used for an estimate of the loss factor of sandwich beams.

Conclusions
The paper presents solutions of several problems involved in the

analytical evaluationof damping in composite and sandwich struc-
tures. A general expression for the loss factor in a generally or-
thotropic lamina subject to axial stresses is derived in the paper. In
addition, the loss factor of the lamina experiencingtransverse shear
is evaluated.Based on these � ndings, two methods of damping pre-
diction in composite and sandwich structures are outlined. The � rst
method is based on the analysis of the strain and dissipation en-
ergies during free vibrations of a simply supported symmetrically
laminated composite or sandwich beam. The second method re-
ferred to as based on mechanics of materials predicts damping in a
sandwich beam by considering its strain and dissipationenergies as
a result of an applied pressure. Both methods yield the loss factors
dependent on the boundary conditionsof the structure. The method
based on the analysis of free vibrations explicitly re� ects the effect
of vibration frequency on the loss factor.

The results of the numerical analysis indicate that the loss factor
of a lamina reaches a maximum value when the lamination angle is
close to 45 deg. (If the lamina is narrow, i.e., the Poisson effect is
negligible, the maximum loss factor corresponds to the lamination
angle equal to 90 deg.) In the case of cross-ply laminates, the loss
factor reduces as a result of adding longitudinal layers. The loss
factor of sandwich beams consideredin the examples was relatively

insensitive to the mode of vibration. This means that damping is
little affected by the frequency of motion, although the effect of
the frequency on the loss factors of the � bers and matrix of the
facings and the foam core may alter this conclusion. A decrease in
the relative thickness of the facing resulted in a smaller damping
(loss factor) of sandwich beams. This was due to a higher damping
of the core, and if the relationship between the loss factors of the
facings and core was reversed, the conclusionwould be reversed as
well. Finally, the loss factors of sandwich beams obtained by two
methods suggested in the paper, i.e., the analysis of free vibrations
and mechanicsofmaterials,were compared.The differencebetween
the methods was small in all con� gurationsconsidered in the paper.
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